Based on the central limit theorem, we discuss the problem of evaluation of the statistical error of Monte Carlo calculations using a time discretized diffusion process. We present a robust and practical method to determine the effective variance of general observables and show how to verify the equilibrium hypothesis by the Kolmogorov-Smirnov test. We then derive scaling laws of the efficiency illustrated by Variational Monte Carlo calculations on the two dimensional electron gas.
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I. INTRODUCTION
Monte Carlo integration techniques have become a standard tool in statistical physics and classical and quantum many body theory 1,4 . However, due to the finite simulation time, outcomes of such calculations are affected by statistical uncertainties and the precise estimation of the resulting error is essential to obtain quantitative results.
Standard Monte Carlo methods are based on Markov diffusion processes using Metropolis-Hastings algorithm. There, sequential outputs are not independent, and, similar to any other statistical method, the main problem is to estimate the robustness of the sampling.
As one usually deals with a very large configuration space, an exact answer is impossible. Modestly, one expects that a finite number of samples may reflect the expectation on the whole space, and we want to ensure the coherence of our statistics. That is, we want to check the stationarity of our sampling and to estimate the accuracy of some averaged quantity.
The aim of this work is to show that the central limit theorem (CLT) and the Kolmogorov-Smirnov theorem provide simple tools to determine the accuracy of some observable and to test the coherence of the sampling. These well known tools have already been discussed in this context 1-3 , here we provide an effective implementation of these mathematical results.
In the following, most examples come from Variational Quantum Monte-Carlo (VMC) calculations applied to the 2D homogeneous electron gas in a quadratic box of length L with periodic boundary conditions 5 .
The configuration space is [−L/2, L/2]
ν where ν = 2N e for the N e electrons, and we define the dimensionless parameter r s by πa 2 B r 2 s N e = L 2 where a B is the Bohr radius. Given a complex antisymmetric function Ψ(r 1 , . . . , r Ne ) of the Slater-Jastrow form, we concentrate on one of the most important quantity, the average energy, E, of this state:
where H is the electronic Hamiltonian.
In fact the above integration is rapidly unfeasible as the number of electrons increases. In Sect.II we briefly explain the standard VMC approach to compute the above integral for large values of N e . Our estimation of the statistical error relies on the CLT is described and tested in Sect.III. In Sect. IV, we show how the KolmogorovSmirnov test can be implement to decide on the consistency of the statistical distributions. The efficiency and optimal behavior of VMC with respect to the size N e and the discretization of the Markov process is discussed in Sect.V.
II. DISCRETIZED DIFFUSION ALGORITHM
We start with a brief description of the standard algorithm used for Variational Monte Carlo calculations.
Let P (R)dR be a probability on R ν , the idea of Monte Carlo methods 4 is to calculate expectations using a multidimensional diffusion process. Indeed, if R(t) is an ergodic Markov process with invariant measure P (R)dR then:
provided that |f (R)|P (R)dR < +∞. Thus, one has to choose a diffusion process such that the invariant distribution is exactly P . Let R(t) be given by the Langevin equation 6 :
w is a vector of ν independent Brownian motions (Wiener processes) and G a vector of ν regular functions. The corresponding Kolmogorov 7 (or Fokker-Planck) forward equation for a measure µ(R, t)dR is:
and choosing
arXiv:1609.02703v1 [physics.comp-ph] 9 Sep 2016 P (R)dR is an invariant measure of Eq. (4). For numerical simulations, one approximates the process, Eq. (3), with the following discrete process:
As τ goes to zero we expect that the invariant probability of Eq. (6) goes to P . The integral kernel of the Markov process (6) is:
In practice, to avoid convergence analysis, one uses the Metropolis 8 algorithm to obtain precisely P as the invariant measure. First, starting at R, we choose the next point R according to Eq. ( 7). Thereafter, we use an auxiliary boolean independent variable in order to accept or reject the new point with probability A(R , R) such that P is invariant. Equivalently, we have to choose A(R , R) such that the mean value of any function f (R) is invariant
This condition is fulfilled imposing detailed balance:
Hence, the optimal (minimal rejection) solution is given by
If we reject the new point, the point R is counted twice. Starting from R 1 and iterating this process, we obtain a sequence of vectors (R 1 , R 2 , . . .) and a sequence of integral weights (n 1 , n 2 , . . . ) where n i is the number of repetitions of the vector R i . This sequence asymptotically reflect the distribution P . The acceptance rate R a , is the probability that a move is accepted, thus
where E(.) stands for the expectation of a random variable.
For a function X(R), we associate the process (X i = X(R i )), and the empirical expectation of the variable X is given by:
The main problem is to estimate the robustness of a sampling {X i , n i }.
In our case, ν = 2N e and R is sampled with a probability proportional to |Ψ(R)| 2 dR; that is G(R) = ∇ ln |Ψ(R)|. Setting
we expect for a fair sampling of the total energy
III. THE CENTRAL LIMIT THEOREM
The central limit theorem(CLT) is a well-known result for independent identically distributed random variables providing the expected fluctuations of the mean of a random sequence. This theorem has many generalizations in particular for Markov process [9] [10] [11] [12] . Let (Y 1 , Y 2 , . . .) be a stationary mixing Markov process with invariant probability π and E(|Y |) < +∞. Let
and N (a, σ 2 ) be the Gaussian law of mean a and variance σ 2 , then the ergodic theorem guarantees that
goes to zero with probability one. A central limit theorem (CLT) for Markov process gives conditions under which
where
and D stands for the convergence in distribution. Equation (18) can be easily guessed since σ 2 eff corresponds to the limit of E Z 2 N as soon as
decreases rapidly as k increases. Here we suppose that this is our case and that the CLT is in force; the problem is how to estimate σ eff for finite samplings.
A. Determination of the effective variance
For an empirical sampling (
and if we define
we have lim N →∞ C N,k = C k . We then have
Notice that the order of the two limits is important, as we also have
In order to impose the right order of the limit, we use a so-called window estimator 10 in the following
with 1 k N . The main difficulty is the choice of k such that σ 2 eff (k l ) provides a robust estimate for the true uncertainty: too small values of k may considerably underestimate the error, whereas large values of k m will mainly add noise such that σ 2 eff (k) becomes unreliable. Indeed, even if we assume that C k decreases quickly, for large k, C N,k is a random variable of order 1/ √ N . From
we get
and since C k is assumed to vanish, we get
For large k,Ỹ 0 (resp.Ỹ j ) andỸ k (resp.Ỹ k+j ) are centered independent variables, therefore the non-zero terms in Eq. (28) are for small j, and evaluate as:
Therefore, Eq. (28) asymptotically becomes
leading to fluctuations of order N −1/2 for C N,k at large k.
Empirical estimation of σ eff , Eq. (22). Let us set: In the following subsections, we demonstrate the robustness of our error estimation and test its validity against independent data sets.
B. CLT and Monte Carlo
We can extend the CLT to Monte-Carlo observables considering the weight n i of the Metropolis part (see section II). Now X N is given by Eq. (12) and setting
where:
and Eq. (30) is still in force. Furthermore, Eq. (29) may be extended to estimate the correlations of C N,k :
This shows that C N,k may be strongly correlated. Looking at the red curve of Fig. 1 , the cutoff at k = 31 may seem unjustified, but different samplings lead to different behavior after this cutoff while the behavior for smaller values of k is robust (Fig. 2) . 
C. Comparison with sample fluctuations
We can compare our estimate of the empirical variance with the variance obtained with independent samples. We make p = 40 independent samples of N =45000 trials.
For each sample α we compute the mean:
and we get the empirical mean:
The variance of X (corresponding to C N,0 in Eq. (33) Now we can go further and check the asymptotic normal law of the X α 's. In Fig. 3 , we plot the distribution of:
supposed to be a normalized centered Gaussian variable. The black curve is the distribution function of a normalized Gaussian. Since the X α are independent, we have:
The correlation matrix M has eigenvalues 0 (multiplicity 1) and 1 (multiplicity p − 1). Thus for large N , the law of random variable S = p α=1 x 2 α is exactly the law of the sum of the square of p − 1 normalized Gaussian variables. Therefore, we can use the χ 2 test:
where Γ is the regularized incomplete gamma function.
Here we have S = 40.1 and the χ As the acceptance rate R a approaches 1, the dynamic is very slow and the correlations are very important leading to large fluctuations. The following sampling is made of 48 samples of 19000 records. The acceptance rate R a is 0.94. In Fig. 4 the scaled correlations C k are relevant until k = 3244 leading to k>0 C k = 530C 0 . Thus σ However, in this case σ 2 eff is computed with the 48 samples leading to a marginal k m such that C km /C 0 ≈ 0.02. The estimate for only one sample gives 0.2 which cannot be consider as small. Thus the 48 samples are relevant for the CLT while a single sample cannot provide any estimate of the accuracy.
IV. THE KOLMOGOROV-SMIRNOV TEST
Here, we want to provide a quantitative test, based on the Kolmogorov-Smirnov theorem, to verify if the samplings are actually consistent with an equilibrium hypothesis.
A. The Kolmogorov-Smirnov theorem
First, we briefly recall here the definition and the theorem 6, 7 . Let (Y 1 , Y 2 , . . .) be independent, identically distributed random variables with continuous distribution function F . Let F N (x) be the empirical distribution function of (Y 1 , Y 2 , . . . Y N ):
where χ(b) = 1 if b is true otherwise 0. As N goes to infinity, by the law of large numbers, F N (x) → F (x) almost surely. From the definition:
we have E(∆ N (x)) = 0 and a straightforward calculation gives for x ≤ y:
Thus the CLT for independent variables guarantees
Let B(t) be the normalized Brownian bridge: the law of Brownian bridge is law of a Brownian motion b(t) such that b(1) = 0 (equivalently the law of Brownian bridge
B(t) is the law of b(t) − tb(1)). For t ≤ t E(B(t)B(t )) = t(1 − t ) (44) thus E(∆ N (x)∆ N (y)) is exactly the correlation of the Brownian bridge E(B(t)B(t )) at times t = F (x) and t = F (y).
More precisely, the Kolmogorov-Smirnov theorem tells that
The important point is that the law of D does not depend on the distribution F providing the non-parametric K-S test 13 . The Kolmogorov-Smirnov test evaluates the probability P (D > D N ) . The law of D is given by: The density of the probability of D is given on Fig. 5 and for instance P (D > 2) ≈ 7. 10 −4 and P (D < 0.3) ≈ 9. 10 −6 . This is the viewpoint of statistics as you need to choose the best candidate among a family of known distribution functions F λ . Let us now consider the case where the distribution F (y) in unknown.
B. Implementation for unknown distribution.
A simple approach is to divide your sample into p samples {Y α } α=1...p of length N . In order to check homogeneity of the sampling, we first build the distributionF (y) of all the samplings. Thereafter, for each samples Y α we build the distribution function F α (y) and the differences
One checks that for x < y:
Thus the p processes are not rigorously independent. As above, the correlation matrix M has p − 1 eigenvalues equal to 1 and a null eigenvalue corresponding to the vector (1, 1, . . . , 1). Thus, they represent p − 1 independent Brownian bridges and the distribution of D α = max y ∆ α (y) must be close to distribution of D.
On Fig. 6 , we compare the statistics obtained with the uniform law on [0, 1]: F (y) = y. We build a sequence of 30000 independent values. Then we divide the sequence into 30 blocks. The first plot illustrates the difference between ∆ By contrast, the grey curve in Fig. 6(b) , is obtained by testing a sample of uniform variables on the interval [0, 1.02] against the uniform law on [0, 1]. In this case we obtain D 0 = 2.59 corresponding to a probability of 3.0 10 −6 . For the same sampling, the test with the first 10 blocks gives respectively P = 0.044 and with 100 blocks of length 1000 we obtain P = 2.7 10 −87 .
If the variables are not independent, but not strongly correlated, one can apply the Kolmogorov-Smirnov theorem to a subsequence Y * i = Y ki where k is of order of the correlation length.
C. Kolmogorov-Smirnov test for Monte Carlo observables
In our case, the Kolmogorov-Smirnov theorem cannot apply to the process {X i , n i } whose distribution function is :
The equivalent of Eq. (42) involves the second moments E(χ(X i < x)n 2 i ) which cannot be expressed in term of F (x).
Nevertheless, we can check the law of X i forgetting the weights n i . Instead of the definition Eq. (51), we use:
As above, we have p samples of length N obtained by p equivalent QMC runs. For each sample we compute the distribution function G α (y) and the distributionĜ(y) for the union of the samples, Eq. (51). Then we set:
Thus, for independent variables, D α has the law of the maximum absolute value of the Brownian bridge. The KS test gives a probability of 7.9 10 −10 confirming that our samples do not correspond to a sampling of independent variables. The blue curve is obtained with smaller samples retaining one trial for 15 original trials. Indeed, we have C 15 /C 0 = 0.01 while C 1 /C 0 = 0.3, see Eq. (19). The probability given by the KS test is 0.53 for the blue curve. The new samples can be considered as made of independent variables and sharing the same law.
In Fig. 7 , the vertical steps of the blue curve are equal to 1/p and the vertical distance to the black curve should be of order 1/ √ p. A Ugly Duckling in the sampling results in a single large distance D α , inducing a large horizontal step of height still 1/p at the top of figure, but such a step has no significant effect on this KS test. One can detect these inconsistencies by testing the maximum c of the D α using
where k is the number of samples. In our case we get c = 2.65 (resp. 1.43) and P = 6 10 −5 (resp. 0.26).
Thus the data providing the red curve of Fig. 7 is rejected with both tests.
V. EFFICIENCY OF VMC
The efficiency of the VMC may be defined as the accuracy obtained with a given CPU time. The standard deviation of the results is given by σ eff / √ N where N is the number of retained energies. The CPU time is proportional to the number of steps M = N E(n) = N/R a . Thus the efficiency of the VMC may be measured with the dimensionless parameter
where σ is the standard deviation given by the distribution of the energy; i.e. the standard deviation of the VMC for M trials rewrites:
Notice that σ is a lower bound for σ eff , therefore Q ≤ 1. 8 gives the behavior of Q (resp. R a ) as a function of τ (resp. τ √ τ ν), the time step of the discretized diffusion process. We see that for small τ , Q is a function of τ only (τ is normalized in the sense that by Eq. (7) the mean distance between particles does not depend on ν). The behavior of R a as a function of τ √ τ ν is more questionable since the range of ν is rather limited. Nevertheless, as ν increases, smaller τ must be chosen to obtain similar behavior. The behavior of Q for intermediate values of τ (Fig.8) enforces this relationship between VMC and ν. As it is usually claimed the minimal Q is for R a ≈ 0.5. The scaling law of R a may be understood as follows. As τ goes to zero, we have at the leading order:
Let H be the gradient of G (i.e. the Hessian of 1 2 ln P ) then
Now R − R ≈ √ τ η ν where η ν is a vector of ν normalized Gaussian variables, thus:
where η is a normalized Gaussian variable. Therefore the acceptance at R is
Assuming that H is bounded, we have HG 2 ∝ ν and
Be aware that c in Eq. (60) depends on P and thus on ν (it is not simple to build equivalent models with different ν). Figure 8 is built from different wave functions, Ψ, representing the electron gas at different number of particles but at the same density. for small values of τ . Indeed, as τ goes to zero, we expect that the the discrete process converges to the continuous process, Eq. (3); in particular k steps at time discretization τ are equivalent to one step at time discretization kτ . Thus the correlation length scales as 1/τ and σ 2 eff /C 0 behaves like 1/τ . At the same time, C 0 goes to σ 2 the variance of energy since E(n) = 1/R a goes to 1. Therefore for small τ :
On the other hand, as R a goes to zero the trials become independent; thus σ 2 eff goes to C 0 and Eq. (33) gives
Thus for small R a :
In practice, a raw implementation of QMC leads to blocking configurations as soon as τ is not very small. Indeed, the probability P (R) comes from an antisymmetric wave function and thus vanishes at least at r i = r j . If P (R) vanishes then G(R) diverges and this results in very large values of n i . As τ increases, |R − R | increases and the nature of the process changes: Eq. (56) is a second order approximation which may be no more relevant. In Eq.10, the factor
T (R |R) may be very small. Setting η = R − R − τ G(R), we have:
Here, η is a vector of ν Gausssian variables of variance τ , so ηG(R) is a Gaussian variable of variance τ G(R)
2 is large, the exponent in Eq. (64) is of order −τ G(R) 2 , and, in our simulations, we have to ensure that drift τ G(R) is bounded, otherwise the exponent may be very large leading to blocking situations.
To avoid these situations, we have rescaled G to ensure that τ G 2 is always bounded by m G ν. From Fig. 10 we see that m G ≈ 0.05-0.4 gives the best results. For m G = 0.8, the fluctuations of Q becomes important: blocking states occur and the statistics are no more usable. This has been checked also for r s (resp. ν) up to 35 (resp. 242). For larger values of ν the value of m G is less critical: probably the law of large numbers makes that the relative fluctuations of G 2 decrease.
C. Asymptotic law of P For 20000 trials, P = |Ψ| 2 has been found in a range 1-10
13 . This may seem surprising; in fact, this behavior is banal and appears in standard models in statistical physics. As an example, let us consider the momentum distribution of the ideal gas: 
Then as ν goes to ∞, with probability one φ is the maximum φ 0 of ln(φ) − φ, i.e. φ 0 = 1, and around φ 0
That is φ has fluctuations of order 1/ √ ν and while ρ(φ) is almost constant, V (φ) and e ν . In our case, Ψ is not normalized, thus the mean of ln |Ψ| 2 (proportional to ν) does not make sense but the Gaussian law is clear with a standard deviation σ/ √ ν = 0.52 (Fig.11 ). The variance of ln |Ψ| 2 should depend on the choice of Ψ but the Gaussian law is expected in any case for large ν; indeed, the Jastrow part of Ψ is usually a product of ν 2 factors and the Slater part is a determinant which is also, in the thermodynamics limit, the exponential of some extensive quantity.
VI. CONCLUSION
In this paper, we have reviewed well known results of statistics applied to Monte Carlo calculations. We have provided effective algorithms to compute the accuracy and to check the equilibration of Monte Carlo simulations. In order to optimize and understand the limitations of standard variational Monte Carlo sampling, we have further described general scaling laws of the discrete time approximation of the diffusion process with examples on the homogeneous two dimensional electron gas.
